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Allllrad-When a 8nite crack crones normally an interface, the sinplarity at the iatcrsection with the
interface may be only of Ioprithmic type if the elastic constants are at a certain reIatioa to eadl other as in
the case of two bonded quarterplanes and, in addition, the ratio of the crackIe. is related to the elastic
constants as shown in this DOte.

INTRODUCTION

Consider the plane elastostatic problem of a finite crack, perpendicular to and going through the
interface of two bonded elastic materials, characterized by the elastic constants (lAo.. JI\) and
<IAo2,I'2l, where /Iol are the shear moduli and VI the Poisson ratios (i =1,2) (Fig. 1.). Let bl> b2 be
the crack lengths in either material and the self-equilibrating surface tractions - Pl(r) and
- pir) be the only external loads.

The singular behavior of the solution at the interface is similar to that at the apex of two
edge-bonded orthogonal wedges. The asymptotic behavior of this latter problem has been
studied by Bogy[l] and it is has been found that for

a =2fJ and Pl(O)/piO) :/: (l +2fJ)/(t- 2fJ) (la,b)

the stress field at the apex presents a logarithmic singularity due to the normal tractions exerted
on the free sides of the wedges. In eqns (la,b) a and fJ are the composite parameters proposed
by Dunders [2]. Equation (ta) may be written in terms of IAoI and VI as

(2)

The problem of a finite crack crossing normally an interface has been studied by Erdopn
and Biricikoglu[3]. The unknown functions It, 12 were defined by

o
ft(r) =- 2ii- "I,(r, 1r - 0)

olir) =2 ar "2,(r,+0). (3a,b)

Assuming a power type singularity of the gradient of the displacement field near the inter
section with the interface

(4)

and studying the asymptotic behavior of the integral equations for 1-+0, it has been determined
in[3] that the value of the exponent a is a solution of a non-linear equation, for any pair of
bonded materials. Furthermore, the expressions for the stresses .,.... 1',. were Jiven and by
considering the asymptotic behavior of these expressions for ,-+0 the 'corresponding stress
intensity factors Ie" t. were determined, expressed in terms of the value of the regular part '1(1)
of 11(') for I = 0 (eqns (38a,b) of Ref.[3]).

Here the same problem as in[3] is studied, but the singular behavior of II(s) near the
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Fig. I. Crack crossing normally an interface. Medium I (1£ .. v.). Medium 2 (1£2. I'2l.

intersection with the interface is assumed to be of logarithmic type: f,(s) -In s/blt j =1,2. On
the other hand, the wellknown power singularity (bj - stl/2 characterizes the asymptotic
behavior at the crack tips away from the interface. Consequently, the density functions fj(s)
are given not anymore by eqn (4), but by the relation

h(s) = - (bj - st312 ln f. 'j(S), j = 1,2
I

(5)

where 'j(S), O:s; S :s; bj, j = 1,2 satisfy a Holder condition.

We rewrite from [3] the integral equations reduced to the interval [0, 1] by means of the
variable transformation Ij =s/bj

(6a)

+ (I (d +..!u!..) w(l) (I) dl =_1T 1+KJ
q Jo II X +Iq x +Iq f2 21£1 PI

(I (d +dnqx) w(l) (I) dl + (I [_1_
Jo 21 qx +I qx +I lfJl Jo I - x

(6b)

and the condition for single-valuedness of displacements

(6c)

where, instead of eqn (5), we have

(7)

and

(8)
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I-ml I-ml 3
cI2=6 1+ ,cI2=-41 =--2 CI2mlKI +mIKI

_ l-m2 l-m2 2
Cn - 6 I + ,C23 =- 4 I =- -3 Cn

m2K2 +m2K2
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(8)

with

dll = 1+ KI (_3__ I )
2 m2 +KI I+m2K2 '

dl2 =(1 + KI) ( I __2_)
I +m2K2 m2 +KI

and

t
3- 4PI I for plain strain 1

KI = 3- PI for generalized plane stress j = l;l.
I + PI

(9)

We next come to consider the asymptotic behavior of the integral equations, to which the
problem was reduced. We restrict ourselves to the behavior at the interface, since the
asymptotic study at the crack tips away from the interface would lead to known power
singularity of order - 1/2, already incorporated into the weight function in eqn (7). For t ...0,
employing Oakhov's equations (8.30) and (8.25) (Ref.[4]), for x outside the integration interval
(i.e. for the terms in the integral eqns (6) presenting the denominator (t +x» and eqns (8.31) and
(8.25) of Ref. (4) for x inside the integration interval (i.e. terms in eqns (6) with the denominator
(t - x», we obtain the following asymptotic expressions of eqns (6)

where, eIl/(x), j = 1,2, are analytic at the point x = O. From the requirement that the coefficients
of In2x, In x in eqns (lOa,b) vanish at the vicinity of x = 0, we obtain the following two
homogeneous linear systems in 9'1(0) and 9'2(0) .

and

(1 + CII)9'I(O) + dll9'2(O) = O}
d219'1(0) + (1 + C21)9'2(0) =0

(2C12 + C\3)9'I(O) +2(d12 + dllln q)f2(O) = OJ.
2(dn - d21 1n q)9'I(O) + (2cn + C23)9'2(O) = 0

(11)

(12)
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The condition for non-trivial solutions in eqns (11) is

(13)

and substituting from eqns (8) it is found that eqn (13) is an identity for ILj> "i> j =1,2.
Furthermore, the non-zero solutions of eqns (11) are linearly dependent, that is

fP2(0) =- ({JI (0)(1 +C11)1d11.

Because of eqn (14) and since ({J/(O) ¢ 0, j =1,2, eqns (12) may be written

(2C12 +C13)dll - 2(d12 +dll in q)(1 +CII) =OJ.
2(d22 - d21 ln q)dll - (2C22 +c23)(1 +CII) =0

(14)

(15)

Equations (15) must both hold in order that the assumption for the logarithmic singularity of /i(s)
at the interface be valid. These equations have two implications:

(i) By eliminating In q we find

(il)

(16)

(17)

Equation (16) states the relation that must hold between the elastic constants, therefore it is
expected to be equivalent to Bogy's condition stated by eqn (2). In verifying it, it is
algebraically more convenient to proceed from eqn (2) to (16). Actually, because of eqn (2)

(18)

and eqn (16) takes the form

(19)

which is, because of eqn (2), satisfied.
On the other hand, eqn (17) shows that the ratio b2/b , of the crack lengths must be at a

certain relation to the elastic constants. This relation, because of eqn (16) (or, equivalently, of
eqns (18» takes the simpler form

In q =(C12 +cu/2 - d12)/dll • (20)
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